Abstract: Permanent-magnet synchronous machines (PMSMs) are widely used in electric vehicles owing to many advantages, such as high power density, high efficiency, etc. Iron losses can account for a significant component of the total loss in permanent-magnet (PM) machines. Consequently, these losses should be carefully considered during the PMSM design. In this paper, an analytical calculation method has been proposed to predict the magnetic field distribution and stator iron losses in the surface-mounted permanent magnet (SPM) synchronous machines. The method introduces the notion of complex relative air-gap permeance to take into account the effect of slotting. The imaginary part of the relative air-gap permeance is neglected to simplify the calculation of the magnetic field distribution in the slotted air gap for the surface-mounted permanent-magnet (SPM) machine. Based on the armature reaction magnetic field analysis, the stator iron losses can be estimated by the modified Steinmetz equation. The stator iron losses under load conditions are calculated according to the varying d-q-axis currents of different control methods. In order to verify the analysis method, finite element simulation results are compared with analytical calculations. The comparisons show good performance of the proposed analytical method.
Introduction
Nowadays, permanent-magnet synchronous machines (PMSM) are becoming a preferred choice for electric vehicle application, due to their high power density, high efficiency and high reliability [1] [2] [3] [4] . Surface-mounted permanent magnet (SPM) machines are widely used because of their simple structure, which brings the advantages of easy manufacturing, maintenance, and recycling. The main problem with SPM machines is the existence of losses. Iron losses can account for a significant component of the total loss in PM machines [5] [6] [7] . Optimum design of PM machines therefore requires good means for predicting these iron losses [8] .
During recent years, the problem of the stator iron losses in synchronous machines has been deeply analyzed [9] [10] [11] [12] [13] . However, most of them are partly or totally using finite-element method. Although accurate field calculations and losses can be carried out, numerical methods generally consume more time and do not provide closed-form solutions. Alternatively, an analytical calculation method can commonly be used to obtain solutions expressed in the form of a Fourier series which is flexible as a design tool for predicting the losses and motor performance [14] .
Energies 2017, 10, 320 2 of 12 Some analytical methods have been proposed to determine the magnetic field distribution of PM machines [15] [16] [17] [18] [19] . An exact field solution in the air gap of an SPM motor with radial or parallel magnetization was given in [15, 16] . The method is based on a two-dimensional (2-D) analytical solution of the Laplacian and quasi-Poisonian equations with assumptions that the iron is infinitely permeable and the air gap is slotless. The effect of slotting was subsequently modeled in [17] by using relative air-gap permeance obtained from the results of conformal transformation of the slot geometry. The method presented in [14] provides a more complete analytical field solution than found in literature and allows one to accurately calculate both radial and tangential components of the air-gap flux density in the slotted air gap. It uses the complex nature of the conformal transformation more extensively and defines the relative air-gap permeance as a complex number.
In [18] , the magnets on the rotor are segmented into magnet pieces of simple regular shape and uniform magnet property. The magnetic field of the machine is obtained by the superposition of the magnetic field due to each segment. In [19] , an analytical modeling of the magnetic flux density distribution in the air gap is presented, based on the armature reaction magnetic field analysis of interior permanent magnet synchronous machine (IPMSM). In [20] , a new armature reaction magnetic field model is proposed for the IPM motor, considering the effect of the embedded magnet in the rotor. Both iron loss and the magnetic flux density distribution under load conditions are predicted while the effect of slotting is ignored. In [21] , an analytical model was developed to calculate the eddy current losses, in which the fictious voltage is used to evaluate the losses and the load current effects were taken into account, but the study was only qualitative.
In this paper, an analysis method is proposed to predict the magnetic field in the slotted air gap for the SPM machine. Based on the magnetic flux density distribution, the stator iron losses can be estimated by the modified Steinmetz equation under load condition according to the varying d-q-axis currents of different control methods. A simplification has been made in this paper which neglects the imaginary part of the relative air-gap permeance in the calculation. Both the stator iron losses and the magnetic flux density distribution calculated by the proposed analysis method are compared to the finite element method.
Stator Iron Losses Calculation Principle of SPM Machines
In the PMSMs, maximum torque per Ampere control (MTPA) and flux-weakening control are widely used when the PMSMs operate under constant torque and constant power modes in electric vehicles. The varying d-q-axis currents produce different armature reaction magnetic fields. The magnitude and harmonic content of the magnetic field in the air gap are changing with the interaction between the armature reaction magnetic fields and the permanent magnetic field. This changing causes losses in the machines.
In this paper, an analytical calculation method is proposed to calculate the magnetic flux density and stator iron losses in the SPM machines. Figure 1 shows the procedure of the proposed method. The air gap flux density caused by armature reaction can be calculated when the d-q-axis currents under any specified load condition are obtained. The air gap flux density caused by permanent magnets can be calculated when the SPM is operating at a no-load state. Taking into account the effect of slotting, the complex relative air-gap permeance is introduced into the method. Then the stator tooth and yoke flux density are obtained based on the air gap flux density. Therefore, the stator iron losses can be calculated by the modified Steinmetz equation. 
Analytical Calculation Method

Air Gap Flux Density Caused by Armature Reaction
For the sake of simplicity, it is assumed that: (1) the permeability of the core is infinite; (2) the influence of the winding end is ignored; (3) the permeability of the permanent magnet material is equal to the air.
The 
where θ is the power angle, R1 is the armature winding resistance, UN is the magnitude of converter output line voltage, E0 is the back electromotive force without load at certain speed, and Xd and Xq are the d-axis and q-axis synchronous reactance, respectively, m is the phase number.
When the PMSM operates at certain speed, a series of Id, Iq and Pinput corresponding to the power angle θ can be obtained after calculating the R1, E0, Xd, and Xq at different power angle θ according to the load status. The internal power-factor angle ψ and the maximum value of the phase current IΦ are defined as
Then the three-phase currents can be expressed as 
where ψ is measured from the d-axis, ωt is the instantaneous rotor angular position, and IΦ is the maximum value of the current flowing through the phase.
For a single coil, the current ia above produces the magnetic flux density [23] as follows 
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Air Gap Flux Density Caused by Armature Reaction
The [22] can be obtained as
where θ is the power angle, R 1 is the armature winding resistance, U N is the magnitude of converter output line voltage, E 0 is the back electromotive force without load at certain speed, and X d and X q are the d-axis and q-axis synchronous reactance, respectively, m is the phase number. When the PMSM operates at certain speed, a series of I d , I q and P input corresponding to the power angle θ can be obtained after calculating the R 1 , E 0 , X d , and X q at different power angle θ according to the load status. The internal power-factor angle ψ and the maximum value of the phase current I Φ are defined as    ψ = arctan
Then the three-phase currents can be expressed as
where ψ is measured from the d-axis, ωt is the instantaneous rotor angular position, and I Φ is the maximum value of the current flowing through the phase.
For a single coil, the current i a above produces the magnetic flux density [23] as follows
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where α is the angular variable, r is the diameter in polar coordinates, m is the harmonic order, and B αm is the mth order radial component of the air gap flux density which can be calculated by
where µ 0 is the permeability of free space, R s is the inner diameter of the stator, R r is the outer diameter of the rotor, N s is the number of turns of the coil, a is the number of the parallel branches, b 0 is the width of the slot, α y is the span angle of the coil, and α 0 is the notch width angle. For double-stack coils, the radial component of armature reaction flux density for Phase A can be obtained by using the superposition principle as
where q is the number of coils per pole in Phase A, p is pole number, and α t is the space angle of the adjacent two coils. For the double-layer winding, α t = α y . When the three-phase currents given as (3) go into the three-phase winding, the armature reaction flux density of Phases B and C can be obtained in the same way. Therefore, the flux density of the resultant magnetic field in the air gap can be given as
. (7) 3.
Relative Air-Gap Permeance
The relative air-gap permeance is an important parameter to accurately analyze the magnetic field distribution of the machines. An internal rotor SPM machine with radial magnetization shown in Figure 2a is an example. The permeance of the slotted air gap/magnet region can be calculated by assuming no magnets present and infinitely deep rectilinear stator slots as shown in Figure 2b . The conformal transformations are suitable for the purpose of making the calculation simpler. 
where α is the angular variable, r is the diameter in polar coordinates, m is the harmonic order, and Bαm is the mth order radial component of the air gap flux density which can be calculated by
where μ0 is the permeability of free space, Rs is the inner diameter of the stator, Rr is the outer diameter of the rotor, Ns is the number of turns of the coil, a is the number of the parallel branches, b0 is the width of the slot, αy is the span angle of the coil, and α0 is the notch width angle. For double-stack coils, the radial component of armature reaction flux density for Phase A can be obtained by using the superposition principle as
where q is the number of coils per pole in Phase A, p is pole number, and αt is the space angle of the adjacent two coils. For the double-layer winding, αt = αy. When the three-phase currents given as (3) go into the three-phase winding, the armature reaction flux density of Phases B and C can be obtained in the same way. Therefore, the flux density of the resultant magnetic field in the air gap can be given as 
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Relative Air-Gap Permeance
The relative air-gap permeance is an important parameter to accurately analyze the magnetic field distribution of the machines. An internal rotor SPM machine with radial magnetization shown in Figure 2a is an example. The permeance of the slotted air gap/magnet region can be calculated by assuming no magnets present and infinitely deep rectilinear stator slots as shown in Figure 2b . The conformal transformations are suitable for the purpose of making the calculation simpler. There are four conformal transformations required to transform the slotted air gap into a slotless air gap. The original geometry shown in Figure 2b represents a single slot opening in the S plane. The transformation from S, Z, W, T Plane to K Plane [14, 17, 24] is according to Formula (8) There are four conformal transformations required to transform the slotted air gap into a slotless air gap. The original geometry shown in Figure 2b represents a single slot opening in the S plane. The transformation from S, Z, W, T Plane to K Plane [14, 17, 24] is according to Formula (8) where
The relative air-gap permeance is a complex number and it can be written in the form
Since the tangential magnetic field is small relative to the radial magnetic field, only the real part λ a of the relative air-gap permeance is considered in the calculation.
Air-Gap Flux Density Caused by Permanent Magnets
Ignoring the magnetic saturation in the SPM machine, the air gap flux density caused by a permanent magnet [15] can be equivalent to the product of the air gap flux density generated by the PM in the smooth air gap and the relative air-gap permeance as stated in Formula (10).
Hence when np = 1, the flux density of the smooth air gap in the polar coordinates is deduced as
where θ is the angular position with reference to the center of a magnet pole, µ r is the relative recoil permeability, R m is the permanent magnet surface outer diameter, and M n is given by
where B r is the remanence and α p is the magnet pole-arc to pole-pitch ratio. For the particular case when np = 1,
On-Load Flux Density in Air Gap and Stator
The on-load flux density in air gap is equal to
where γ is the angular position in the stator reference frame measured from the Phase A axis. In a pitch, the corresponding air gap flux is all through the stator teeth and yoke. So the flux density in the stator teeth can be deduced as (14) , and the flux density in the stator yoke is derived as (15) .
where α s is one tooth pitch angle, τ s is one tooth pitch, b t is the tooth width, τ p is the pole pitch in air gap, and b y is the yoke height.
Stator Iron Losses
Considering that the flux density B is caused by sinusoidal supply currents and magnets, the eddy-current excess loss in the stator can be ignored comparing with the hysteresis loss and eddy current loss. The stator teeth and yoke iron loss density can be decomposed into hysteresis loss component p h and eddy current loss component p e , where the eddy current loss can be expressed in time domain form
where p h is the hysteresis loss density, p e is the eddy loss density, f is the fundamental frequency, k h is the hysteresis loss coefficient, and k e is the eddy current loss coefficient. The k h and k e should be obtained from a material data sheet. According to the magnetic flux density from (14) , the iron loss density of the stator tooth and the yoke can be calculated as follows
Moreover, the iron losses can be expressed as the product of the loss density and volume. The total stator iron losses can be given as P total = V t p t + V y p y ,
where V t is the stator teeth volume and V y is the stator yoke volume.
Results and Discussions
To validate the analytical calculation method in this paper, both the proposed model and the FEM are used to predict the magnetic flux density and iron losses under different speeds. The current excitation is the same sinusoidal current waveform when the PMSM operates at certain load conditions in both models.
Motor Specification
The electromagnetic performance of the SPM machines depends on many design parameters. The key design parameters are summarized as given in Table 1 . For the SPM Machine, its operating characteristic curve and driving condition are shown in Figure 3 . The rotational speed of the motor is varied from 0 to 6000 rpm. At low speed (0 to 3185 rpm), the motor is under the maximum torque per ampere control (MTPA). The MTPA control is under the current and voltage limits at rated speed for motor operation. The proposed control can also achieve the minimum current at certain torque demand and it also brings the objective of minimum copper loss. On the other hand, in case of high speed (3185 to 6000 rpm), the motor is controlled by the flux-weakening method. In this method, the line voltage is under the limitation determined by the DC voltage of the inverter. Meanwhile, the phase angle increases with the rotational speed in order to decrease the d-axis flux produced by the permanent magnet. Using the flux-weakening control, the high-speed range of the motor can be extended.
Rated speed
Sm-Co(Br = 1.06 T) PM thickness 13 mm Steel sheet for core B20AT1500 Slot depth 51 mm
For the SPM Machine, its operating characteristic curve and driving condition are shown in Figure 3 . The rotational speed of the motor is varied from 0 to 6000 rpm. At low speed (0 to 3185 rpm), the motor is under the maximum torque per ampere control (MTPA). The MTPA control is under the current and voltage limits at rated speed for motor operation. The proposed control can also achieve the minimum current at certain torque demand and it also brings the objective of minimum copper loss. On the other hand, in case of high speed (3185 to 6000 rpm), the motor is controlled by the flux-weakening method. In this method, the line voltage is under the limitation determined by the DC voltage of the inverter. Meanwhile, the phase angle increases with the rotational speed in order to decrease the d-axis flux produced by the permanent magnet. Using the flux-weakening control, the high-speed range of the motor can be extended. As the processes under different speeds are similar, the calculation and simulation of magnetic flux density at the rated point of 3185 rpm with the same step size is presented as below. As the processes under different speeds are similar, the calculation and simulation of magnetic flux density at the rated point of 3185 rpm with the same step size is presented as below.
Relative Air-Gap Permeance and Flux Densities
Before the calculation and simulation, the d-q-axis currents need to be given. In [21] , the back electromotive force E 0 , d-axis, and q-axis synchronous reactances X d and X q , etc. can be obtained by the iterative calculation procedures while using the phasor diagram of PMSM with a certain control method. Then the armature currents I d and I q can be calculated from the Formulas (1) and (2) . At the rated point of 3185 rpm, the armature currents are I d = 75.1 A and I q = 516.33 A.
In the analytical calculation method, the complex relative air-gap permeance is introduced to consider the effect of slotting. Figure 4a represents the real component of the complex relative air-gap permeance calculated from Formulas (8)- (10) in the middle of the air gap in the SPM Machine. After being multiplied by the relative air-gap permeance, the air gap flux density is compared to the finite-element solution results.
All the air gap flux densities are calculated in the middle of the air gap. First, the air gap flux density caused by armature reaction at the rated operating point can be obtained from Formulas (3)- (7) as shown in Figure 4b . The air-gap flux density distribution waveforms have visible tooth ripples, while the up convex curve and down convex curve correspond to teeth and yokes, respectively. The errors between the analytical models and FE results are below 13.0% of FEM results, while 95.3% of the errors are below 10%. The error between the proposed model and FEM is acceptable.
compared to the finite-element solution results.
All the air gap flux densities are calculated in the middle of the air gap. First, the air gap flux density caused by armature reaction at the rated operating point can be obtained from Formulas (3)- (7) as shown in Figure 4b . The air-gap flux density distribution waveforms have visible tooth ripples, while the up convex curve and down convex curve correspond to teeth and yokes, respectively. The errors between the analytical models and FE results are below 13.0% of FEM results, while 95.3% of the errors are below 10%. The error between the proposed model and FEM is acceptable. Secondly, the air gap flux density caused by permanent magnet is calculated from Formulas (11) and (12) as shown in Figure 5 . The PMSM models with and without teeth both have been built to calculate the air gap flux density in the FE models. The errors between the analytical models and FE results are below 3.24% and 99.0% of the errors are below 3% in Figure 5b . Obviously, the waveforms of the analytical calculation and finite element simulation agree well. Secondly, the air gap flux density caused by permanent magnet is calculated from Formulas (11) and (12) as shown in Figure 5 . The PMSM models with and without teeth both have been built to calculate the air gap flux density in the FE models. The errors between the analytical models and FE results are below 3.24% and 99.0% of the errors are below 3% in Figure 5b . Obviously, the waveforms of the analytical calculation and finite element simulation agree well.
In (7) as shown in Figure 4b . The air-gap flux density distribution waveforms have visible tooth ripples, while the up convex curve and down convex curve correspond to teeth and yokes, respectively. The errors between the analytical models and FE results are below 13.0% of FEM results, while 95.3% of the errors are below 10%. The error between the proposed model and FEM is acceptable. Secondly, the air gap flux density caused by permanent magnet is calculated from Formulas (11) and (12) as shown in Figure 5 . The PMSM models with and without teeth both have been built to calculate the air gap flux density in the FE models. The errors between the analytical models and FE results are below 3.24% and 99.0% of the errors are below 3% in Figure 5b . Obviously, the waveforms of the analytical calculation and finite element simulation agree well. Figure 6 shows the air-gap flux density in the middle of the slotless air gap caused by permanent magnet, q-axis current and d-axis current, respectively. After summing them together, on-load air-gap flux density is shown in Figure 7a . 93.0% of the errors between the analytical models and FE results are below 5% in Figure 7a . Meanwhile, the harmonic analysis results are shown in Figure 7b Figure 6 shows the air-gap flux density in the middle of the slotless air gap caused by permanent magnet, q-axis current and d-axis current, respectively. After summing them together, on-load air-gap flux density is shown in Figure 7a . 93.0% of the errors between the analytical models and FE results are below 5% in Figure 7a . Meanwhile, the harmonic analysis results are shown in Figure 7b . The largest harmonics at this condition are 3rd, 11th, and 13rd. The comparisons to the FEM results show the good performance of the proposed analytical method. The waveforms of Bt and By calculated according to Formula (15) are shown in Figure 8 , where they are compared to the finite-element simulation results. Because of the pole-to-pole flux leakage, there is a little difference between the waveforms of the flux density calculated by analytical calculation and finite element method in the teeth. It is observed that the magnetic flux density in the teeth can be calculated more accurately in the SPM machines with fewer poles and more slots. As a result of ignoring the normal flux density, there is also a difference between the waveforms of the flux density calculated by analytical calculation and finite element method in the yoke. 86.2% of the errors in the teeth and 95.7% of the errors in the yokes between the analytical models and FE results are below 15%. But basically, the agreement between the analytical calculation and FEM results is satisfactory. The results can be used in the stator iron losses calculation. The waveforms of B t and B y calculated according to Formula (15) are shown in Figure 8 , where they are compared to the finite-element simulation results. Because of the pole-to-pole flux leakage, there is a little difference between the waveforms of the flux density calculated by analytical calculation and finite element method in the teeth. It is observed that the magnetic flux density in the teeth can be calculated more accurately in the SPM machines with fewer poles and more slots. As a result of ignoring the normal flux density, there is also a difference between the waveforms of the flux density calculated by analytical calculation and finite element method in the yoke. 86.2% of the errors in the teeth and 95.7% of the errors in the yokes between the analytical models and FE results are below 15%. But basically, the agreement between the analytical calculation and FEM results is satisfactory. The results can be used in the stator iron losses calculation. 
Stator Iron Losses
According to Formulas (17) and (18), the stator iron losses can be calculated. The current excitation is varied with different amplitude and phase. Figure 9a shows calculated stator iron losses due to the armature current and the rotational speed (1000, 2000, 3185, 4000, 5000, and 6000 rpm). Figure 9b shows the ratio of the hysteresis losses and eddy current losses. Both the proposed analytical calculation and the finite element method are applied to estimate iron loss when the SPM machine operates at different rotational speeds. The iron losses obtained by the two methods are as shown in Figure 10 . 
According to Formulas (17) and (18) , the stator iron losses can be calculated. The current excitation is varied with different amplitude and phase. Figure 9a shows calculated stator iron losses due to the armature current and the rotational speed (1000, 2000, 3185, 4000, 5000, and 6000 rpm). Figure 9b shows the ratio of the hysteresis losses and eddy current losses. Both the proposed analytical calculation and the finite element method are applied to estimate iron loss when the SPM machine operates at different rotational speeds. The iron losses obtained by the two methods are as shown in Figure 10 .
excitation is varied with different amplitude and phase. Figure 9a shows calculated stator iron losses due to the armature current and the rotational speed (1000, 2000, 3185, 4000, 5000, and 6000 rpm). Figure 9b shows the ratio of the hysteresis losses and eddy current losses. Both the proposed analytical calculation and the finite element method are applied to estimate iron loss when the SPM machine operates at different rotational speeds. The iron losses obtained by the two methods are as shown in Figure 10 . excitation is varied with different amplitude and phase. Figure 9a shows calculated stator iron losses due to the armature current and the rotational speed (1000, 2000, 3185, 4000, 5000, and 6000 rpm). Figure 9b shows the ratio of the hysteresis losses and eddy current losses. Both the proposed analytical calculation and the finite element method are applied to estimate iron loss when the SPM machine operates at different rotational speeds. The iron losses obtained by the two methods are as shown in Figure 10 . In the low-speed region, the SPM machine is under the MPTA control. The fundamental frequency increases with the rotational speed while the flux densities change little. According to Formula (16), the stator iron losses increase with the speed. In the high-speed region, the fundamental frequency keeps increasing while the flux densities decrease with the d-q-axis current varying under the field-weakening control. This is the main reason for the stator iron loss changes as shown.
The results also indicate that the loss peaks when the SPM machine is working at the rated operating point. The difference of the two methods is acceptable, less than 3.0%. Besides, the analytical calculation method was usually used to get the magnetic flux density and stator iron losses in the very beginning of the SPMSM design of electric vehicles, and it could save a lot of time during the SPMSM design optimization. The result of the proposed analytical calculation method agrees well with the FEM simulation result. The validity of the proposed analytical calculation method has been verified.
Conclusions
An improved analytical calculation method has been proposed to predict the magnetic field density distribution and the stator iron losses of the surface-mounted permanent magnet synchronous machines.
The approach is based on the armature reaction magnetic field for the SPMSM, which can predict a precise flux density distribution. Both magnetic flux density distribution and stator iron losses under sinusoidal current exciting are compared with the results of the FEM. In all studied for a wide operating speed range, the results of analytical calculations were in good agreement with the FEM results. Therefore, the proposed analytical method is very useful in predicting magnetic flux density distribution and stator iron losses for the SPMSMs, which makes this model a reliable tool for machine design and analysis, particularly for electric vehicles over a wide speed and load range.
